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1 Introduction 

In [Seip-92| ISW-921 |Seip- 93 1 Seip et al. characterized the sampling and interpolating sequences in the Bargmann- 
Fock space of entire functions that are square integrable with respect to the weight function e~' 2 ' , and in the Bergman 
space of square integrable holomorphic functions on the unit disk B. 

In both cases, the results are given in terms of densities. In the complex plane C, let T be a discrete, uniformly 
separated sequence, and define 

n+tr\ V #(m J(z,r)) #(m£>(z,r)) 
L> T (1 ) := limsupsup 5 D (1 ) :— limmi mi . 

In the unit disk D, the corresponding densities are defined in an analogous manner, which is nevertheless slightly 
different. Let T be a sequence that is uniformly separated in the pseudo-hyperbolic distance. We then set 

L> T (1 ) := limsupsup — - = 

r->i zeo log — 

and 

D-(T) := liminf inf -JoJH / i " 

r->l zGB loe-r-!— 

where D(z, s) is the pseudohyperbolic disk of center z and radius s. The numbers D ± (r) are often called the upper 
and lower densities of T. Seip et al. proved the following, now celebrated theorem. 

Theorem: A uniformly separated sequence T is an interpolating sequence for the Bargmann-Fock space or the 
Bergman space if and only if D + (T) < 1. It is a sampling sequence if and only if D~ (T) > 1. 

The goal of the present article is to generalize the sufficiency part of the Theorem of Seip et al. to the case of 
open Riemann surfaces. We fall somewhat short of this goal, but it is not clear how short. Indeed, we establish 
generalizations for the case of finite Riemann surfaces. However, the methods used do generalize to other Riemann 
surfaces, and may even generalize to all Riemann surfaces; we were unable to decide. 

We now present our main results. To this end, every open Riemann surface admits a metric, locally denoted 
e~ 2u \dz\ 2 , that we call the fundamental metric. (See definition 12. 11 ) Moreover, if the Riemann surface is hyperbolic, 
then this metric is unique. With the fundamental metric at hand, we can associate to a smooth function tp : X — > R 
and a discrete subset T C X two Hilbert spaces 

M 2 = ,<% 2 {X,<p) := j/ie 0{X) ■ \\h\\ 2 J \h\ 2 e- 2v dA v < +oo| 



and 



b 2 = b 2 (I» := <j ( S7 ) 7er ; £ 

7er 



s 7 | 2 e- 2vW < +oo 



Definition. A discrete set T is said to be 
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1. an interpolation set if for every (s T ) € b 2 f/iere exists F £ S% 2 such that for all 7 G T, F(p/) = s~ ( , and 

2. a sampling set if there is a constant M such that for all F £ £§ 2 , 



w l|F|| 2 <^|F( 7 )| 2 e- 2 ^)<M||F 



7er 



For each locally integrable function / : [0, Rx) — > [0, 00) and each r S (0, let c r := 2-7T JJ 1 tf(t)dt and 



where 1^ denotes the characteristic function of a set A. To every uniformly separated sequence (see section l2.2.3l for 
the definition) we associate the upper and lower densities 



where A is the Laplace operator. Our main theorem can now be stated as follows. 

Theorem 1. Let X be a finite Riemann surface, T C X a uniformly separated sequence, and ip : X — > R a 
subharmonic function such that for some constant C, < e 2 " Aip < C. If D~^(T) < 1 the T is an interpolation set, 
while if DJ (T) > 1, then T is a sampling set. 

Partial results covering our theorem have been proved by others. For the case of the plane but with more general 
subharmonic weights, Theorem[2was proved by Berndtsson-Ortega Cerda IB O-951 . 

Ohsawa [0-94| has proved results on interpolation only, and in the much more general context extension of L 2 
holomorphic functions from closed submanifolds of Stein manifolds. His approach is somewhat different than ours; 
he uses a method, pioneered by himself and Takegoshi, of using a twisted d theorem at (an earlier stage of the 
construction) to do the extension directly, rather than use d, as is done in |BO-95 1. (Ohsawa argued later I 1O-01I that 
his approach is more conducive to generalization than the d approach used here. We believe the methods of this paper 
show that both approaches are equally generalizable.) 

In the same paper |BO-95 1, Berndtsson and Ortega Cerda also treat the case of functions that are square integrable 
with respect to a subharmonic weight on the unit disk. A more careful analysis shows that because of the curvature of 
the fundamental metric, Theorem 1 does not cover all the cases those authors treat. A way to compensate is to prove 
a second theorem in the case of the disk, which allows some relaxation of the condition on Aip. This is indeed what 
was done in IB O-951 . Aesthetically, this approach has the disadvantage of making the results of the disk and the plane 
appear distinct. Instead, in section|5]we use conformal metrics on the Riemann surface to obtain more general norms 
on our generalized Bergman spaces with metrics. We then prove results (Theorems 13 . 21 and 13.31 which encompass 
Theorem^ 

One additional novelty in our work is the introduction of a family of densities, parameterized by locally integrable 
functions / on the positive real line. This feature of our densities is likely to be useful in applications, and gives new 
results even in the classical cases of the plane and the disk. We demonstrate some useful consequences in the short 
Section[7]at the end of the paper. 

It is worth mentioning two additional things. 

(i) As of right now we have not addressed the question of necessity. While we know that some of our density 
conditions are not necessary for interpolation or sampling, we do not know which, if any, are necessary. 



CrM = -f(p z (())e 2 »\dp z (()\ 2 l DAz) (() 




and 
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(ii) Though we prove our theorems for finite Riemann surfaces, our work applies to a much broader class of open 
Riemann surfaces. In fact, we know of no example of a Riemann surface where our methods cannot be used to 
prove the corresponding version of Theorem^ 

The organization of our paper is as follows. In section [2] we discuss potential theory and the resulting analytic 
geometry of finite Riemann surfaces. In section[3]we introduce metrics into our scheme, and state Theorems 13.21 and 
13.31 which are the main results of paper. The hypotheses in those theorems appear rather rigid, and thus it is not clear 
if or when they are satisfied. Thus in the same section we show that in fact there is always a non-trivial case in which 
the hypotheses are satisfied. In section|4]we discuss a d theorem, due to Ohsawa | O-01 1, that will be used in the proof 
of the interpolation theorem l3~2l Since Ohsawa's theorem is more general, we give a short, ad hoc proof of the case we 
need here. In section|5]we take a brief detour and establish interpolation and sampling results for compact Riemann 
surfaces. There are no non-constant holomorphic functions on compact Riemann surfaces, so we must look at sections 
of line bundles. These spaces are always finite dimensional, and sheaf theoretic methods give a complete answer to the 
interpolation and sampling question. Nevertheless we prove a special case of the interpolation theorem in this setting, 
to demonstrate how the d theorem is later used. In section[6]we prove Theorems l3.2l and l3.3l Finally, in section0we 
present a collection of examples of our main results in some special cases. 

2 Analytic Geometry of Finite Riemann surfaces 
2.1 Potential theoretic preliminaries 

We recall some basic, well known facts about fundamental solutions of the Laplacian and about harmonic functions 
on Riemann surfaces. 

2.1.1 Extremal fundamental solutions and the fundamental metric 



for the Laplace operator. Note that this is the complex analytic convention, which is 1 /4 of the usual Laplace operator 
one encounters in electromagnetism. Let 8q denote the Dirac mass at £. The following definition is standard. 

Definition. The Green's function on a Riemann surface X is the function G:IxX-> [— oo, 0) with the following 
properties. 

(a) For each (el, A z G(z,0 = %5 c (z). 

(b) If H : X x X —* [— oo, 0) is another function with property (a), then H(z 7 w) < G{z, w) whenever z =/= w. 

It can easily be deduced that the Green's function is symmetric. 

Recall that a Riemann surface is said to be hyperbolic if it admits a bounded subharmonic function, elliptic if it is 
compact and parabolic otherwise. It is well known that a Riemann surface has a Green's function if and only if it is 
hyperbolic. Property (b) guarantees that the Green's function is unique. 

On the other hand, a Riemann surface admits an Evans kernel if and only if it is parabolic (see page 352 of 
BNS-701 '). Moreover, after prescribing (with somewhat limited possibility) the logarithmic singularity at infinity, the 
Evans kernel is unique up to an additive constant. 

Definition. An Evans kernel on a Riemann surface X is a symmetric function S : X x X — > [— oo, +oo) with the 
following properties. 

(a) For each ( G X, A z S{z,() = ^ki z )- 

(b) For each r£l and the level set £ X ; S(C, p) = r} is compact and non-empty. 



We write 



A : 




Idd 
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We shall use the notation E : X x X ^ [—00, Rx) to denote either the Green's function or some chosen Evans 
kernel, depending on whether the Riemann surface is hyperbolic or parabolic, respectively. Define 

^ _ ( 1 X is hyperbolic 
1 +00 X is parabolic 

Using the extremal fundamental solution we next define a notion of distance on our Riemann surface, a distance 
that in general fails to satisfy the triangle inequality. 

Definition 2.1. Let 

Pz{0 := e £(z ' c) , D s {z) :={(eX; p z (() < e} and S e (z) = 8D e (z). 
The fundamental metric e~ 2v is given by the formula 

e- 2u ^\dz\ 2 = lim \d Pz {()\ 2 . 

C->z 

2.1.2 Green's Formula and mean values 

Recall that on a Riemann surface with a conformal metric, the Hodge star operator simplifies somewhat when ex- 
pressed in analytic coordinates z = x + \/—ly: if / is a real-valued function, a = aidx + u^dy is a real 1-form and 
ipdx A dy is a real 2-form, then one has 

*/ = fdA g = e~ 2 ^fdx A dy 
*a = — a^dx + otidy 
*(ipdx A dy) = e 2 ^tp. 

Using this, we have 4A = d * d (recall that A = dd = \{dl + d 2 ) in our convention), and Green's formula can be 
written 

if fAh-hAf= [ f*dh-h*df. (1) 

JD JdD 

Let X be an open Riemann surface and Y CC X an open connected subset whose boundary consists of finitely 
many smooth Jordan curves. It is well known that the Green's function Gy for Y exists and is continuous up to the 
boundary. Moreover, the exterior derivative d(Gy ((, •)) i s a l so continuous up to the boundary. 

Remark. One can construct the Green 's function Gy from the extremal fundamental solution E of X as follows. 
Since Y has smooth boundary, the Dirichlet Problem of harmonic extension from the boundary can be solved on Y. 
We then take 

G Y ((,z) :=E(C,z)-h c (z), 
where is the harmonic function in Y that agrees with i?(C, ■) on the boundary ofY. 
We write 

H rX (z) := G Dr{Q (C,z). 

In fact, the function H r ^ has a particularly simple form in terms of the extremal fundamental solution E: 

H rX (z) = E(z, C)-logr, zeD r (0. (2) 

Moreover, in this case we don't need to assume that r is a regular value of p^. 

Putting D = D r (z) and h = H r z in Q and using the definition of Green's function, we obtain the following 
lemma. 
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Lemma 2.2. Let r < Re and ( £ X. Then 

2nf(z) = [ f*dE z +[ H r , z Af. (3) 

J S r (z) J D r {z) 

In particular, if f is subharmonic, then 

f(z) <^-f f*dE z (4) 

with equality when f is harmonic. 

2.2 Finite Riemann surfaces 

2.2.1 Definition and construction of finite Riemann surfaces 

Recall that a finite Riemann surface is a two dimensional compact manifold with boundary, possibly with a finite 
number of points removed. Thus the topological data determining the Riemann surface is finite, hence the name. 

There are two types of finite Riemann surfaces. One type has only punctures and no one dimensional components, 
while the other type does have smooth boundary components. The first type of is always parabolic (unless it has no 
punctures, in which case it is elliptic) while the second type is always hyperbolic. 

An alternate description of a finite Riemann surface X can be given as follows: X is a (not necessarily compact) 
manifold with compact boundary, and in addition X can be decomposed as 

N 

x = X COIC u l^_J C/j , 

where X COIC is a compact manifold with smooth boundary, and each Uj is biholomorphic to a punctured disk whose 
outer boundary is one of the smooth boundary curves of X COTC . (Of course, X COIC may have some other boundary 
components that do not meet one of the Uj.) The Uj correspond to the punctures. 

While every finite Riemann surface with no one dimensional boundary is obtained from a compact Riemann 
surface by removal of a finite number of points, there is an almost equally simple way to construct hyperbolic finite 
Riemann surfaces; simply take a compact Riemann surface and remove a finite number of smooth Jordan curves so 
that the resulting surface as two components. Then either component is a finite Riemann surface, and one can further 
remove any finite number of points. 

In fact, all finite Riemann surfaces are of this type. Indeed, we can fill in the punctures complex analytically (since 
they are just punctured disks) to obtain a compact Riemann surface with boundary 

TV 

X = X COIC U Uj, 
i=i 

and then form the so-called double of X. For more on this well-known construction see, for example, I SS-541 . 

2.2.2 Analytic-Geometric properties of finite Riemann surfaces 

We shall now derive certain analytic-geometric properties of finite Riemann surfaces that are useful in the proofs of 
our main theorems. 

Theorem 2.3. Let X be a finite Riemann surface with extremal fundamental solution E. Then for each sufficiently 
small a E (0, Rx) there is a constant C = C a such that for all z £ X and all £ £ D a {z) the following estimate 
holds. 

^<e 2 »\d Pz (0\ 2 <C. (5) 
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Before getting to the proof, we make a few observations. Suppose that we are given an extremal fundamental 
solution E on our Riemann surface X. By the definition of a fundamental solution of the Laplacian, if z is a local 
coordinate on U C X then there exists a function hu{(, rj), harmonic in each variable separately, such that hu(£, v) — 
hu(v,0 and 

E(p, q) = log \z(p) - z{q)\ + hu{z(p) : z{q)). 

The dependence of hjj on z is determined by the fact that E is globally defined. 
For simplicity of exposition, we abusively write 



We then have that p z (C) 



It follows that 



E(z,Q = \og\Q-z\ + h{z,C). 
£| e M z >0 differentiating, we obtain 



c- 



IC- 



JL P H*,0 ( I 

A U 



(z-Od C h(z,C) 



e -M0 = e 2ft(C,C) 



and 



l + 2(C-z) 



dh(z,Q 



(6) 



We point out that this implies in particular that the right hand side of is well defined, since this is the case for the 
left hand side. 

Proof of theorem \Tl\ We shall break up the proof into the hyperbolic and parabolic case. 

The case of bordered Riemann surfaces. 

We realize X as an open subset of its double Y. Since X — X U dX is compact, it suffices to bound the right hand 
side of (jfjl in a set U PI X, where U is a coordinate chart in Y. For coordinate charts whose closure lies in the interior 
X, it is clear that this can be done. Indeed, if U CC X and z,( e U, then h is a smooth function that is harmonic 
in each variable separately, and p z (() X |C — z\ uniformly on U . Thus by taking a sufficiently small, we obtain the 
estimate for all z € U and £ 6 D a (z). We thus restrict our attention to the boundary. 

There are two types of boundary points; zero dimensional and one dimensional. However, the Green's function 
ignores isolated zero dimensional boundary components, since they have capacity zero. (In particular, the distance p z 
fails to be proper when there are punctures.) Thus we may assume that there are no punctures. 

Let U C Y be a coordinate neighborhood of a boundary point x G dX. By taking U sufficiently small, we may 
assume that U is the unit disk in the plane, that [/(II lies in the upper half plane and that dX lies on the real line. It 
follows that the Green's function is given by 

E(z, C) - log \z - C| - log \z - C| + F(z, C), 

where F(z, C) is smooth and harmonic in each variable on a large open set containing the closure of U. Indeed, 
the Green's function for the upper half plane is log \ z — C| — log \ z — C\. The regularity of F then follows from the 
construction of Green's functions on finite Riemann surfaces using harmonic differentials on the double. (See IS S-541 . 
§4.2.) It follows that in U, 



dh(z,Q 



1 



, dF(z,Q 



and 



pz{0 > c 



CI 



cr 



Thus 



2(C-z) 



dh(z,c) 



< 



CI 



2-CI 

I* -CI 



2\z -CI 



dF(z,o 



< c' Pz (0, 
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where the constant C depends only on the neighborhood U. The proof in the hyperbolic case is thus complete. 

The case of compact Riemann surfaces with punctures. Let E be the Evans kernel of X. Fix p£l and choose r so 
large that the set X — D r (z) is a union of punctured disks U\, Um- We may think of each Uj as sitting in C, with 
the puncture at the origin. 

Since D r (z) CC X, each x £ D r (z) has a neighborhood U for which the expression (|6j is bounded above and 
below by positive constants, depending only on U, whenever p z (C) < a for some sufficiently small a again depending 
only on U . Indeed, in any such neighborhood the function h is very regular, and p z (() is uniformly comparable to 

\z-C\. 

For z, C G Uj, the Evans kernel has the form 



E(z, C) = log \z - C| - A, log |C| + F(z, C), 



(7) 



where Xj > with Ai + ... + Xn = 1, and F(z, £) is smooth across the origin (see IBSTS-701 '). Indeed, using the 
method of constructing harmonic differentials with prescribed singularities (see |SS-54| §2.7) we can construct a 
function with the right singularities, defined everywhere on X. Such a function clearly can be written in the form 
Q near the puncture. Thus by the uniqueness of the Evans kernel with prescribed singularities at the punctures, this 
function must differ from E by a constant. 
It follows that in U, 

dh(z.X) X 3 , dF(z,0 



C 



and 



Thus 



Pz(0 > c 



I* -CI 

ici • 



2(C-z) 



dh(z,C) 



< X, 



CI 



ICI 
*-CI 



2\z-C\ 



dF(z,Q 



* c ICI 
< c' Pz (0, 

where again the constant C depends only on the neighborhood U . The proof of Theorem l2.3l is thus complete. □ 

Proposition 2.4. Let X be a finite Riemann surface. Then there exists a constant C such that, for sufficiently small 
a > and all z £ X, 



sup exp i - / -G(w,C)e~ MC) 

i»£D„W \ n JD 2a (z) 



(8) 



<C inf exp ( - /-G(w,C)e" 2,y(c) | 
weD„(z) \kJd 2 „ {z ) J 



< +oo, 



where G is the Green's function for the domain D2 a (z). 

Sketch of proof. Once again we can use compactness properties of finite surfaces. The finiteness of the integrals 
in question is easy, since extremal fundamental solutions have only a logarithmic singularity, and are thus locally 
integrable. Thus we restrict ourselves to estimating near the boundary. 

The local analysis used in the proof of Theorem l2.3l shows that, near the boundary, the disks D a (z) are simply 
connected and that the metric e~ 2u is equivalent to the Poincare metric of the disk in the hyperbolic case, and the 
metric |z| -2 |<iz| 2 in the parabolic case. 

The hyperbolic case follows from the fact that the Green's function G(w, C) is comparable to the Green's function 
of the disk. In the parabolic case it is easier to work with the complement of the unit disk rather than the punctured 
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disk. Then the metric e~ 2u is comparable to the Euclidean metric, the Green's function G(w, Q is comparable to the 
Green's function of the plane, and the necessary estimate follows as in the Euclidean case. This completes the sketch 
of proof. □ 

We shall also have use for the following lemma. 

Lemma 2.5. Let X be a finite Riemann surface. Let a > be a fixed, sufficiently small constant. If ip is a function 
for which e 2u Aip is bounded above and below by positive constants, then there is a constant C — C a such that, for 
all z G X and all w £ D a (z), 

expf- [ -G(w,Q&<p(Q) <C (9) 

Proof. By Theorem l2.3l Proposition |2!H and the boundedness of Aip, it suffices to prove the result when Aip(() = 
I^Az(C)| 2 an d w — z. In this case, it is easy to show that the integral is equal to 8a 2 . □ 

The next result we will need is a global version of the Cauchy estimates on a Riemann surface with Riemannian 
metric. 

Proposition 2.6. Let X be a finite Riemann surface and let g be a conformal metric for X. Then for every a £ [0, Rx) 
and e > there exists a constant C7 £)Cr such that for any x <E X the following Cauchy estimates hold. 

sup \h\ 2 < C e . a f \h\ 2 dA gi (10) 

D e {x) JD a (x) 

and 

sup \d Px \- 2 \h'\ 2 < C e , CT / \h\ 2 dA g . (11) 

D e (x) JD a (x) 

Proof. We begin with the following lemma. 

Lemma 2.7. Let X be a finite Riemann surface. Then for every x € X there exists a function K x :IxX->l such 
that the following hold for any a G [0, Rx)-' 

1. In the sense of distributions, A z K x (z, £) = ^<5 Z (C) for all D a (x). 

2. For every e < cr/4 there exists a constant C £)Cr such that for any x € X the following estimates hold: 

dp x dK*(z,0 2 



sup / e 2 ^ 

zeD c (x) Jv a (x) 



sup \d Px (z)\- 2 / e 2 ^\dp x \ 2 

z£D s (x) JV a (x) 



< C £ ,a (12) 

d 2 K x {z,0 



dzd( 



< C e „ (13) 



Here V a {x) := D a (x) - D a/2 (x). 



Sketch of proof. In the case of a bordered Riemann surface with a finite number of punctures, one can find a function 
K x that does not depend on the point x. This is done as follows. Let Y be the double of X, and fix any smooth 
distance function on Y. We let X e be the set of all x E Y that are a distance less than e from X. For e sufficiently 
small, X £ — X is a finite collection of annuli whose inner boundaries form the boundary of X. We may take for our 
Cauchy-Green kernel the Green's function of X £ . We leave it to the reader to check that the relevant estimates hold. 
In the case of an TV-punctured compact Riemann surface, one decomposes X as 



X = X COIC u\Ju. 

3 = 1 



N 

T i> 
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where X COIC is a bordered Riemann surface, and each Uj is a neighborhood of a puncture biholomorphic to the 
punctured disk. Each surface in the union has a Cauchy-Green kernel by the construction in the bordered Riemann 
surface case, and thus we are done. □ 

Completion of the proof of Proposition ^. 6\ Let / e Cfi°(D a (x)) and write K% (£) = K x (z, (). Applying formula Q 
with = Kz(£), we obtain 

/ K* s dBf= I dfAdK*. 

1 JD a (x) JD a (x) 

Now let e < cr/4 and let x G C§°([0, 3<r/4)) be such that 

X|[0,ff/2] = 1 and sup|x'|<-. 

a 

If /i G ^(£> CT (x)), then with z e D e (x) we have 

&(*) = / h X '(p x )d Px AdK*. (14) 

An application of the Cauchy-Schwarz inequality and the estimate i\2i gives the inequality dlOt . while differentiation 
of i\4\ followed by an application of the Cauchy-Schwarz inequality and the estimate Jl 3I > gives inequality (II II . □ 

Remark. Note that were it not for the requirement that C ea be independent ofx, Proposition ^. 6\ would follow without 
2.2.3 Discrete subsets in finite Riemann surfaces 

Let X be an open Riemann surface. Our work on sampling and interpolation sequences requires the notion of the 
separation of a sequence. For a measurable subset A C X, let 

D r (A) — {w S X ; w G D r (a) for some a £ A}. 

We define two separation conditions on a sequence T, both of which are given in terms of the distance induced by the 
extremal fundamental solution. 

Definition 2.8. Let T C X be a discrete set. 

1. The separation constant ofT is the number 

a(T) := sup{r ; £> r ( 7 ) n D r {j') = 0}, 
and say that T is uniformly separated if o(T) > 0. 

2. We say T is sparse if there is a positive constant N riB , depending only on < r, e < Rx, such that the number 
of points ofT lying in the set D r (D £ (z)) is at most N r ^ E for all z £ X. 

In both the complex plane and the unit disk, the triangle inequality allows one to easily show that a uniformly 
separated sequence is sparse. 

In both of these situations, the triangle inequality allows one to estimate the diameter of a set D e (D r (a) ) in terms 
of e and r, uniformly for all a. 

Such an estimate can always be found if it is allowed to depend on the base point a. This situation can be made 
uniform when X is a finite Riemann surface. As in the proofs of Theorem 12.31 and Propositions 12.41 and 12.61 we 
can take advantage of the compactness in the picture. In particular, we have uniform estimates if we have them in 
neighborhoods of the boundary. But on the boundary, the potential theory of X is either like that (near the boundary) 
in the upper half plane or (near infinity) in the plane, where we know, from triangle inequalities in those cases, that the 
needed estimates hold. We thus have the following proposition. 

Proposition 2.9. In a finite Riemann surface X every uniformly separated sequence is sparse. 
We do not know whether Proposition ^. 9l holds if one removes the finiteness condition. 
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3 Bergman spaces with metrics 

It is also interesting to introduce, in addition to the weight in question, a metric. Thus, suppose in addition to an open 
Riemann surface X, a discrete subset V and a weight function <p, we are also given a conformal metric g. Thus we 
modify our Hilbert spaces as follows: 

d§ 2 = 3§ 2 (X,g,ip) := jfre 0{X) ; \\h\\ 2 := J \h\ 2 e~ 2 ^ dA g < +oo\ , 

and 

b 2 = b 2 (T,g,ip) := |( S7 ) 7er ; ^2\s y \ 2 e- 2 ^A g (D a ( 7 )) < +00 j , 
where A g (B) =J B dA g . 

As before, we say that a uniformly separated sequence V is interpolating if for any (s 7 ) 6 b 2 there exists F e ^ 2 
such that for all 7 6 T, F(t/) = s 7 . On the other hand, the sequence V is sampling if there exists a constant M such 
that for all Fef 2 , 

^||F|| 2 < £ |F( 7 )| 2 e- 2 ^)A 9 P ff ( 7 )) < M||F|| 2 . (15) 

To obtain sufficient conditions for interpolation and sampling sequences, the definition of the densities must be 
changed slightly. 

3.1 The definition of the upper and lower densities 

We associate to our metric g = e~ 2 ^' the two functions 

u^, := tp — v and T0 := e 2v (Ai/> + 2Au^ — 2|9u^,| 2 ) . 

For each locally integrable function / : [0, Rx) ™ > [0, 00) and each r € (0, Rx), we associate to every uniformly 
separated sequence V upper and lower densities, defined by 

D+m : _ -iss-gg ^o^t^w ,16) 



and 



where £ r is defined as in section ^ 



£>7(r) := liminf inf V £$4t4t > < 17 ) 



3.2 A sub-mean value lemma 

We will have occasion to use the following result. 
Lemma 3.1. For any function F, 



X c r J D r (z) 



F(w)£, r (z,w)e~- 2 ^^/^Tdw Adw = — f Ff(p z )dp z A *dp z 

> JD r (z) 

- / */(*) ( / F*dE z \ dt. 
v Jo \Js t (z) I 
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Thus, in view o/(0 of Lemma \2.2\ if h is subharmonic then 

h{z) < [ Z r {z,w)h(w)e- 2 " {w} V^ldw A dw (18) 
Jx 

with equality if h is harmonic. 

3.3 Interpolation and sampling theorems 

Theorem 3.2. Let X be a finite open Riemann surface with metric g — e~ 2 ^\dz\ 2 and let ip be a weight function on 
X such that, for some c > 1, ~ < e 2l/ Aip < c, 

e 2v A(tp) > - and e 2v \du^\ 2 < c. (19) 
Then every uniformly separated sequence T satisfying D~f(T) < 1 is an interpolation sequence. 

Theorem 3.3. Let X be a finite open Riemann surface with metric g — e~ 2 ^\dz\ 2 and T C X a uniformly separated 
sequence. Suppose (p is a weight function on X such that, for some C > 1, ^ < e 2v Aip < C. Assume also that 
the metric g is bounded above by the fundamental metric e~ 2v (i.e., > 0) and moreover satisfies the differential 
inequality 

2e 2v \du^\ 2 < e 2v Aii. f (20) 
Then T is a sampling sequence whenever DJ (T) > 1. 
Theorems l3.2l and l3.3l implv Theorem^ 

3.4 Existence of metrics satisfying d20b 

Let X be an open Riemann surface. Observe that a function u on X satisfies J20i if and only if 

A(-e- 2u ) > 0. 

Since the function — e~ 2u is bounded above, we immediately obtain the following proposition. 

Proposition 3.4. Let X be a compact or parabolic Riemann surface. Then any function satisfying the inequality J20l > 
is constant. 

In particular, we may assume that when X is parabolic, the metric g in Theorem l3.3l is just the fundamental metric. 



Let us turn now to the hyperbolic case and suppose that oel. Then 

Po A Po = p 2 AE{o, ■) + p 2 o \dE{ 0l -)\ 2 = p 2 \dE(o, -)\ 2 = \d Po \ 2 , 

and thus 

Ap 2 = A\d Po \ 2 = \d Po \ 2 . 

We let 

« = -2 lo S(l - Pi)- 

The reader versed in Several Complex Variables will recognize this function as the negative log-distance-to-the- 
boundary. Calculating, we have 

11 ~ Ul-P2) + 2(1-Pg)'; 4(l-pg)» 

= l^' 2 >Q 

2(1 -Pi) " 
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Moreover, observe that 

(1 - Po) 

Proposition 3.5. Let X be a hyperbolic Riemann surface. Then there is always a non-trivial function u > satisfying 
the differential inequality (I20l >. Moreover, if X is a finite hyperbolic surface, then one can choose u such that e 2u \du\ 2 
is uniformly bounded. 

Sketch of proof. It remains only to verify the last assertion. By compactness, it suffices to prove the desired estimate 
in a neighborhood of the form {z € C ; \z\ < 1, Imz > 0} in the upper half plane. As above, one can take 
v = — log Imz the Poincare potential. Moreover, one can show that 

1 — p {z) = Imz + higher order terms. 

The proposition now follows. □ 



4 A Theorem of Ohsawa on the solution of d 

In our proof of the interpolation theorem, we require a theorem for solving d with certain L 2 estimates. Such a theorem 
has been stated by Ohsawa |0-94| in a very general situation, but there seem to be counterexamples at this level of 
generality (see [Siu-02 1). However, in the case of Riemann surfaces there is a short proof of Ohsawa's theorem. Since 
it is not easily accessible in the literature, we shall give a proof here using methods adapted from | Siu-02 1. 

Let X be a Riemann surface with conformal metric g = e~ 2 ^' and let V — > X be a holomorphic line bundle with 
Hermitian metric h = er 2S - that is allowed to be singular, i.e., £ may be in L\ oc . One has the Bochner-Kodaira identity 

||9/3|| 2 = ||V/3|| 2 + (2e 2 ^ + ^)/3,/3), (21) 

where 

V(fdz) := (/ s + 2^- z f)d^ 2 . 
Indeed, straight-forward calculations show that the formal adjoints d of d and V of V are given by 

d*(hdz) = -e 2 ^ (^- and V>dz® 2 ) = -e 2 ^ - 2^h] . (22) 

\oz oz J \oz oz J 

Using these, another calculation shows that dd* [3 — V*V/3 = 2e 2 ^A(£ + ip)/3, which gives d2"Tl . 

We shall now make a simple but far-reaching modification of the identity (12 1 1 . To this end, let e -2 ^ and e~ 2< ^~ u > 
be two metrics of the same line bundle. (Thus u is a globally defined function.) We assume moreover that e 2 ^-") 1 9 
is uniformly bounded. 

Formula 1221 implies that 

d\_ u p = 9*/3 - 2e 2,p du A (3. (23) 
Substituting (I22> into the Bochner-Kodaira identity (12 1> . we obtain 

\\d*t- u 0\\l = (24) 
+ (2e 2 '/'{A(e + V)-2|5 U | 2 }/3,/3) c 

-2Re(^/3,2e 2,/ '9uA/3)5. 

Identity ( 1241 is sometimes called the Bochner-Kodaira identity with two weights. The Cauchy-Schwarz inequality 
then shows that for any e > we have 

(1 + e- x )\\d*^ u P\\t > { A(C + ^) - 2(1 + e)|9 U | 2 } /3, /?) . (25) 
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Letting Tf := d(e '"/), we can rewrite &25i as 

\\T*0\\l-u >C e (2e 2 ^{A(t + ij)- 2(1 + e)\du\ 2 } (3,(3) . (26) 

Suppose now that, for some S > 0, one has the estimate 

e 2(V-«) (A(£ + ?/>)-2|du| 2 ) ><S. 
Since e 2 ^~ u ^ \du\ 2 is bounded, we may choose e > sufficiently small in d26l to obtain 

\\T*0\\l_ u >C\\(3\k- u . (27) 
A standard Hilbert space argument yields a function / such that 

Tf = a 

with the estimate 

f \f\ 2 e 2u e- 2 ^dA g <C\\a\\s_ u . (28) 



x 



Finally, choosing u = = ip — v, <p := £ — 2u and U = e u f gives the following. 
Theorem 4.1. [0-94| Suppose that for some S > 0, 

1 



e 2u Aip + t^>5 and e 2u \du^\ 2 < -. 



Then there exists a constant C — Cs such that for any a satisfying 

n^loL A ae~ 2u ^e~ 2tp < +oo, 



the equation dU = a has a solution satisfying 



a 

x Jx 



\U\ 2 e- 2v dA g <C aAae- 2u ^e- 2ip . 



5 Compact Riemann surfaces 

At this point we take a short detour to consider the problems of sampling and interpolation on elliptic Riemann 
surfaces. While the essence of this situation is different from that of open Riemann surfaces, we note that the estimates 
on the solution of the d problem discussed in the previous section are applicable. 

Let X then be a compact Riemann surface and let V — > X be a holomorphic line bundle. We denote by V x the 
fiber of V over x € X. Then T is interpolating if and only if the evaluation map 

#°(X,L)3 S ^^ s ( 7 )e0F 7 (29) 

is surjective, and sampling if and only if \29\ is injective. 

Let A be the line bundle corresponding to the effective divisor T. One can understand the situation completely 
using the short exact sequence of sheaves 

0^ x (L®A*)-> ^(i)^®V^0, 

7er 
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where V 7 (C/) = V 1 if 7 € £7 and V 7 (i7) = if 7 ^ {/. Passing to the long exact sequence, we have that 

We see that e is injective if and only if Image(io) = {0} and surjective if and only if i\ is injective, i.e., Image(<5o) = 
{0}. We then have the following proposition. 

Proposition 5.1. Let X be a compact Riemann surface of genus g,Y C X a finite subset and L — > X a holomorphic 
line bundle. 

1. IfJfT < deg(i) + 2 — 2g, then Y is interpolating. 

2. If #Y > deg(L), then Y is sampling. 

Proof. To establish 1, note that by Serre duality, h}{X,L® A*) = h°(X,K x ® A ® L*), and the latter vanishes if 

#r + 2g - 2 - deg(L) = deg{K x ® A $ L*) < 0. 

Similarly, if deg(i) - #r = deg(i (g) A*) < 0, then h°{X, L ® A*) = 0. □ 

Part 1 of Proposition 15.11 can also be proved using Theorem 14.11 Because it is similar to the proof of our main 
interpolation theorem, we sketch this method here. 

Analytic proof of Proposition \5.1\ l. Let v ~t € © ^7- First, observe that there is a smooth section 77 of L such that 
77(7) = v 1 for all 7 € T. In fact, by the usual cutoff method, we can take 77 supported near Y and holomorphic in a 
neighborhood of Y. 

Fix a conformal metric e~ 2 ^ on X. Let r be the canonical section of A corresponding to the divisor Y. By the 
degree hypothesis, there is a metric e~ 2(p for the line bundle L <8> A* such that the curvature \/— Tdd(tp + i/j) of 
L ® A* ® if^ is strictly positive on AT. Then e~ 2tp /\t\ 2 is a singular metric for L such that the curvature current 
of er 2 ^ v+ ^ /\t\ 2 is still strictly positive on X. Moreover, since 77 is holomorphic in a neighborhood of Y, we have 
fx \dr]\ 2 \T\~ 2 e~ 2ip < +00. By Theorem l4.1l (with = 0; c.f Proposition 13. 4t there is a section u of L such that 
du = dr] and J x \u\ 2 \t\~ 2 e~ 2 ( v+ ^ < +00. But since r vanishes on Y, so does u. Thus a = 7; — u is holomorphic 
and solves the interpolation problem. □ 

Remark. We note that if e~ 2v is a metric for a holomorphic line bundle L, then we have 

deg(£) = I Ap, 
showing the resemblance between Provosition \5.1\ and our main theorems. 

6 Proofs of Theorems 13.21 and 13.31 

6.1 Functions and singular weights 

In this paragraph we define certain functions that play important roles in the proofs of Theorems l3.2l and l3.3l 
A local construction of a holomorphic function 

In the proofs of Theorems B ,2l and l3 . 3l we will need, for each 7 G Y, a holomorphic function defined in a neighborhood 
of 7 and satisfying certain global estimates. For reasons that will become clear later, the size of this neighborhood 
cannot be taken too small. As a consequence, we must overcome certain difficulties presented by the topology of the 
neighborhood. 
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Lemma 6.1. Let X be a finite open Riemann surface. Assume e 2l, Aip is bounded above and below by positive 
constants. Let T be a uniformly separated sequence and a = o~(T). There exists a constant C = Cr > and, for each 
7 G r, a holomorphic function F y S 0(D a {-~{)) such that Fj(^y) = and for all z £ D a ("f), 

_L e -2*>(7) < | e -2 V +2F 7 J < Ce -2<ph). (30) 

Proof. Let G* be the Green's function for the domain D2a{l)- Consider the function 

T 7 (z):=-/ -G(z,C)A^(C). 

By Green's formula, we have that 



r 7 (z) = + ^- / ^(0*d c G(z,c). 

2yr /s a „( 7 ) 

We claim that the harmonic function 

V=;r [ <p(C)*<kG(z,0 

has a harmonic conjugate, i.e., it is the real part of a holomorphic function. Indeed, if C is a Jordan curve in D r (j), 
then 

*d/i 7 (z) = ±- / p(C) * d c ( [ *d z G(z, ()) . (31) 



2tt 



Since S , 2 (T (7) H C = 0, the function z 1— > G(z, £) is harmonic and thus *d z G(z, () is a closed form. It follows that 
the term in the parentheses on the right hand side of J3 1 1 depends only on the homology class [C] G Hi (X, Z). Since 
Hi(X, Z) is discrete and *d z G(z, £) is continuous in £, we see that the right hand side of ( 13 1 i vanishes, as claimed. 
Let 

iJ 7 := hy + v— I / *dh-y 

be the holomorphic function whose real part is h 1 , and let F 1 := H 1 — H 1 (7). We have 

|2^( 7 ) - 2<p(z) + 2ReF 7 (z)| = 2 |T 7 ( 7 ) - T 7 (z)| < 2|T 7 ( 7 )| + 2|T 7 (z)|. 
Taking exponentials and applying Lemma l2~5l completes the proof. □ 

A function with poles along T 

For and r < Rx, let 



I((,z) = / ir{C,,w)E{w,z)e' 2u{w) y/^ldw A did 



x 



°r la ^ ^ ^ist 



E(w,z) *dE c (w) dt. 
(0 / 



Since E is a fundamental solution to the Laplacian, 

e 2 ^A z I{(,z) = J / &.(C,uO*«H = 



Next it follows from Jl 8i that, since £?(•, z) is subharmonic, -E(C, z) < z) and, since E(-, z) is harmonic in the 
region {w £ X : pq(w) > r}, E((, z) = I(C,, z) if p z (() > r. Moreover, in view of (0, an application of (|3j shows 
that 

' f E(w,z)*dE c (w)=E(z,()-l Dt(z) (0(E(z,0-logt). 



2tt 
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We see that 



I((,z) = — log(p z (C)) / tf(t)dt+ I tf{t)\ogtdt 



if p z (C) < r. Note that 

' 1 



t/(t) \og(t)dt 



< D r 



where D r depends only on r. We then have 

\I((,z)\<K r p z (()\\og(p z (C))\+D r 

for all z, C € satisfying p z (C) < r. Since the expression on the right hand side is bounded by a constant that 
depends only on r, we have 

|/(C,z)|<a (32) 

whenever p z (£) < r. 

Let r be a discrete sequence. We define the function 

v r {z) = Y J (E( 1 ,z)-I{ 1 ,z)). 

By the preceding remarks, v r (z) < and 

7ernr> r (z) 

Moreover, 

e 2v Av r = J^( e 2 ^ 7 -^ r ( 7 ,.)). (33) 



Writing 



2 

7er 



7 er 



we have the following lemma. 

Lemma 6.2. Let T be a sparse, uniformly separated sequence and let e < cr(T). The function v r is uniformly bounded 
on Xt <s . Moreover, v r satisfies the following estimate: if') S Y and Pj(z) < cr(Y), then 

\v r (z)- log p y (z)\<C r , e . (34) 

Proof. Let z € Xr, e . Since Y is sparse, there are at most N = iV r o members of T, say 71, ... , 7jv, lying in D r {z), 
and so 

JV N 

\v r (z)\ < ^2(\E( 7j ,z)\ + |/(7i,*)|) < E (l lo s(^(7i))l + a) . 

Note that the number N does not depend on z. Since e < pziplj) < r , the term involving the logarithm has a bound 
that depends only on e and r. We thus see that v r is uniformly bounded on X-p, £ . 

Let 7 e r. Since Y is sparse, there are at most N — N r , £ elements of Y that lie in D r (D £ ('y)). We write 
r n D r (D e ( r y)) = {71, . . . , 7jv}, where 71 = 7. Again, N does not depend on z. Then 

(at jv \ 

£|J5(7i,*)l+£|/(7;,*)l + \E(j,z) - log a, (7) I • 
J=2 3=1 / 

The first sum is bounded because cr(T) < p z (7j) < f for j = 2, . . . , N. The second sum is bounded by d32i . and the 
third term vanishes. This completes the proof of the lemma. □ 
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A function with bumps along T 

In this paragraph, we shall use area forms associated to the points of T. We define 

dA Ert {C) := dp y (C) A *dp 7 (0- 

Let 

A Ea (D) := / dA E „. 

J D 

Given a distribution /, we consider its regularization 

I / 

A E „{D e (z)) J Dc(z) 

using the area element dA Ejl , where 7 e T. 
Observe that 



fdA E ^ 7 



A E<1 (D t 



(7)) = / 



dp 7 A *dp 1 = / p 7 dp~/ A *dE(-y, •) 
(7) -^(7) 



Consider the function 



t / *dE(i,-)\ dt = 2ir tdt = ne 2 . 

\"' s *^) / "' o 



w r , e (*) = *E^2 / (E((,z)-I({,z))dA En (0 



where << t < 1. 

Lemma 6.3. 77ze function tv,e has the following properties. 
1. 

e 2 ^Av r , s (z) = tJ2^ Mz) \dp-f(z)\ 2 lD,_ 



7 er 



(*) 



^e(7) 



/« particular, 



lime^A^ = - €r(7, 0) 



7 er 



z'n f/ze sense of distributions. 
2. There exists a positive constant C r ^ e such that 

zeX => -C riE < v r ^(z) < 

ana! /or any 7 G T, 



p 7 (z) < s^> „ (z) - _L / £7(^ )2; )dAB i7 (0 
*" £ .Ad, (7) 



< a 



(35) 



(36) 



(37) 
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Proof. 1. The formula for the Laplacian is a straightforward calculation, and the limit is a standard consequence of the 
regularization of currents. 

2. Since E((, z) = /(£, z) whenever p z (0 > r > we have, in view of formula ( I35> . 

VrA*)= E -\ I (E({,z)-I((,z))dA E , y (0. 

^rtt f.n n£ JD.M 



~/GD e (D r (z)) 



Choose 7 G r. Since T is sparse, there exist 71, ...,7iv £ T — {7} such that for all z E D £ (-f) 

v ( Z ) = -L [ (E{(,z)-I(t,z))dA E<1 



'B,(7) 

N 



+ (E(C,z)-I(C,z))dA E ^ 
Moreover, N is independent of 7, and depends only on r and e. It follows that 

Vr.e(z) / E(-,z)dA E ,~f 

<-^/ (|25(.,z)| + |/(-,z)|). 



,7j • 



We have estimates for z) as in the proof of Lemma f6~2l and since, by uniform separation, p z (() > cr for any 
C E D £ (-fj), we can estimate the right hand side by a constant that depends only on r. This proves Q7t . and d36l 
follows from (1371 . Lemma lowl and the fact that v r < 0. □ 

Finally, we shall have use for the following lemma. 

Lemma 6.4. For any z € D E (l)> 



A En {D e (i)) J Deh) 
Proof. Observe that if z E D e ( r y) and t E (0, e], then 



^/^0^ )7 ( C )<io g i + i. 



(38) 



St (7) 



d ( *d ( E(z,() = 2nl Dth) (z) < 2tt. 



Applying Green's formula Q with / = ■) and h = E(j, •), we obtain 



E(z,0*d c E(j,0 



We thus have 



s* (7) 



log p z dp 1 A *dp 7 
^(7) 



s t (7) 



B( 7 ,C)*rfc^.C)- 



u \./S,,-i 



\-/s t ( 7 ) 
tlogt 



'St (7) 

< -2vr / tlogtdt = ne 2 



E(z,C)*d ( E( 1 ,Qj dt 
E( 7 ,0*d c E(z,C) ) j dt 
*d ( E(z,C) S j dt 
- loge 



The lemma now follows from (1351 . 



□ 
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6.2 Proof of Theorem E2 

Let (s 7 ) £ b 2 (T, g, ip). We begin by constructing a smooth function r\ € £ 2 (^, ff, that interpolates (s 7 ). To this 
end, let x € Cg°([0, ct)) satisfy 

0<X<1, x|[0,«7/2] = l and |x'| < ~ 

(T 

We define 

where F 7 is as in Lemma I67TI Observe that 77(7) = s 7 for all 7 £ T, and that 

/ M 2 e- 2 ^ s = $> 7 | 2 / \ X o Pl ?\e^-^\dA g 



7?r 



< | S7 | 2 e- 2 ^A g (^ CT ( 7 )) < +00. 

7er 

Next we wish to correct 77 by adding to it a function U that lies in L 2 (X, g, ip) and vanishes along T. The standard 
approach is to solve the equation dU = dr) with singular weights, using Ohsawa's d Theorem BTTl The singular weight 
we will use is the weight 

ip := ip + v r , 



and one computes that 



d V =J2x'(Pi)9p 1 s 7 e F -. (39) 
7Gr 



Since Dt(T) < 1, there exist r < R x and S > such that 

e 2l, A<p + r,p = e 2u Ap + + e 2u Av r 



where the first inequality follows from (I33i . It follows from hypothesis ( 1191 in Theorem l3.2l fhat 

e 2v A(p + > CS > 0. 

Next, d39l and Lemma l6~2l imply that (p is comparable to on the support of drj, which lies in V a (-f) := -Do- (7) — 
Dz. (7). We then have the estimate 



/ \d V \ 2 e- 2 ^e- 2 * < ^^| S7 | 2 e- 2 ^) f \d Pl \ 2 e 

< ^EM^™ / |5p 7 | 2 e- 2 " 

< cT| Sl |V 2 *' / 



7er 
< +00, 



e 
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where the first inequality follows from Lemma WA\ and the last inequality follows from 0. Applying Theorem l4.ll 
we obtain a function U € L 2 (X,g,(p) C L 2 (X,g,ip) such that dU — dip Moreover, since e~ 2 ^ ~ | z - 7 p f° r z 
sufficiently close to 7, we see that U(^f) — for all 7 e T. Thus the function 

f:=T)-Ue&(X,g,<p) 

interpolates (s 7 ), and the proof of Theorem l3.2l is complete. □ 

6.3 Proof of Theorem 13.31 

Let (p := cp + v r>e . The main idea behind the proof of Theorem l3.3l is the following sampling type lemma. 
Lemma 6.5. Suppose the metric eT 2 ^ satisfies the differential inequalities i20\ . For each h G 38 2 (X, g, 0), 

[ \h\ 2 e~ 2 ^e 2 "AipdA g > 0. (40) 
Jx 

Proof. Consider the function 5" = \h\ 2 er 2 ^. Then 

= AlogS+^|dS| 2 = ^|dS| 2 + AlogH 2 -2A^ 

and thus 

e 2v AS > -2S (e 2u A<p) > -25 (e 2l/ A<£) . 

We claim that 

/ e 2u ASdA g < 0. 
Jx 

To prove the claim, let z e X. Take A € Cg°([0, 1/2]) such that A(t) = 1 for < t < 1/4, and put 

X.(r) :=A(r 2 (l-a)). 

Then 

/* e -aW-")A5 - / e - 2u *AS 
Jx Jx 

= lim / e- 2 ^ X aOp 20 A5 

= lim / 5A(e- 2 ^-( X aOp Z0 )) 

= lim / S(A(e- 2 ^) Xa op Z0 +d(e- 2 ^)Ad(xaOp Z0 ) 

+9(e- 2 ^) A 9( Xa o Pzo ) + e - 2 ^ A( Xq o Pzo )) 

= lim / 5(A( e ^) Xa op zo+e " 2 ^A( Xa o Pzo )), 
a / 1 Jx 

where the third equality follows from Stokes' Theorem. Now, 

lim f Se~ 2 ^A( Xa o Pzo ) 

= lim / 5e- 2 ^ ( X 'a(Pz )\dp Z0 \ 2 + xl(p. )Ap Z0 ) 
Q / 1 Jx 

= lim / Se" 2 ^ (^J + Z^fofiT) \ dpz f 

= lim / ^V 2 * (V> Z J + ^k±A\ e 2 »\d Pzn \ 2 dA g = 0, 
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where the last equality follows from (0 and the definition of \a- It follows that 

e - 2 (MA5 = f SAe~ 2u *. 
x Jx 

Since 

Ae- 2u * = 2e- 2u *(2|9 Uv ,| 2 - Au^) = 2e~ 2,/ 'e 2l/ (2|<9u,/,| 2 - Au^) , 
the lemma now follows from 

Conclusion of the proof of Theorem \3.3\ Let ft, 6 3§ 2 (X, g, tp). By Lemma lo*31 we calculate that 

e 2v ^A(p{z) = e 2v ^Acp(z) + e 2l/(z) Av r Jz) 



DeM e 2 »(*)A V (z) 

+*E e V e 2, WAy(z) ^.wW 

Applying the hypotheses DJ (T) > 1 and (0, we see therefore that, for t sufficiently close to 1, there exist r,5,C > 
such that 



e 2 



"Atp < ~te 2 »A v \S-CJ2 e 2 *4 1 D.(7) ] ■ < 41 ) 

7er e 



We then apply Lemma l6*31 to get 



\h\ 2 e~ 2 *dA g < / |fc| 2 e - 2 #dA a 
x Jx 



< C I e 2l, A(tp)\h\ 2 dA g 
Jx 

^ C 'Y.\I e 2 »A{ V )\h\ 2 e- 2 *dA g 



7er 



where the first inequality follows from Lemma l6*31 the third inequality follows from integration of (14 li together with 
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Lemma 16751 and the last inequality follows from Lemmas 16. 3l and l6~4l Now, 

/ \h\ 2 e~ 2v dA g = [ \he- F -<\ 2 e~ 2 * +2KcF -dA g 



id s (j) JD e (rr) 

< Ce~ 2 ^ I \he~ F -\ 2 dA 



9 



< C'A g {DM)e- 2 M\hm 2 +e 2 sup 

< C'A g (D £ ( 7 ))e- 2 ^ 

x (\h(rr)\* + e?C e ,„ [ \he~ F -'\ 2 dA g ) 

+e 2 C"A g (D e ( 1 )) f \h\ 2 e- 2 *dA g , 



where the first and last inequalities follow from Lemma l6TTl the second inequality follows from Taylor's theorem, and 
the third inequality from the Cauchy estimate (II It . 

Next, since X is fundamentally finite and e~ 2 ^ < e~ 2lJ , we see that 



A^DM) < I e~ 2 » < C [ \dp- ( \ 2 = nCe 



lD e ( 7 ) JD e (~/) 

for all sufficiently small e and some C independent of 7, where the last equality follows from J35i . We thus obtain 



\h\ 2 e- 2ip dA g 

<E(^\ h ^\ 2e ' 2vM MD,m+C2e 2 - 2t [ \h\ 2 e- 2 -dA g \ 
^E(^l /l (7)| 2 e- 2 ^ : ^(^(7))) +C 2 e 2 - 2t J x \h\ 2 e- 2 *dA 



x 



76T 

By taking e sufficiently small, we obtain the left hand side of dl5> . For the right hand side of dl5> . we argue as follows. 

Y^Ultfe-^A^D^)) = Y,Hl>- F -' {l) \ 2 e- 2 ^A g {D <J { 1 )) 

< C. 2 Ve- 2 *) / \he~ F i\ 2 dA g 
7S r JdA-t) 



< C V / \h\ 2 e- 2 *dA 

< C" f \h\ 2 e- 2v dA g 



9i 
X 



where the first inequality follows from (1 1 01 . the second from Lemma 16.11 and the third from the definition of the 
separation constant. The proof of Theorem l3.3l is thus complete. □ 
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7 Examples 

7.1 The Euclidean plane 

In this paragraph, we consider the case of the Euclidean complex plane (X, g) — (C, |<fe| 2 )- The generalized Bergman 
space in this situation is 

3B& 2 = ihe 0(C) ; \\h\\l := J \h\ 2 e - 2ip dm < +00 J , 
where dm is Lebesgue measure in the plane, and 

bf = J (,s 7 ) C C ; ||(„ 7 )||£ := \^\ 2 e- 2 ^ < +^ 
[ 7er 

The space SS^ 2 is sometimes called generalized Bargmann-Fock space. When <p{z) = \z\ 2 /2 we obtain the classical 
Bargmann-Fock space. 

The plane is the main example of a parabolic Riemann surface. The Evans kernel in C is unique and is given by 
E(z, C) = log \ z — C|- Thus Pz(C) — \ z — CI an d tne disks D a (z) are simply the Euclidean disks \z — C| < f . A simple 
calculation shows that 

\dp z (()\ 2 = Md Pz (()\ 2 = 1, 
and thus the fundamental metric is just a multiple of the Euclidean metric. 
The upper and lower densities are given by 

n+rn\ v f(\ z ~l\) 

-UJli ) = limsupsup > — ^7 — — 

and 

D7(r)=liminfinf V /(|z " 7l) 
rnD r (z) 



• - . 4A(f J ( j //(/)<//' 



If we choose as our locally integrable function / the constant function, we recover the results of | BO-95 1 . However, 
by making other choices, we can get other sufficient conditions that, although not necessary, might be of use in some 
applications. 

For the sake of simplicity, we will consider in the following examples only the classical Bargmann-Fock space. 
Example 7.1. (i) Let f(t) — e~*. Then T is interpolating if 



sup e ~ lZ ~ l1 < 2 

and sampling if 



z£t rnD r ( 2 ) 



inf V e" 1 *" 71 > 2. 
zee ^ 
rnfl r (z) 



Integration by parts, together with a standard argument shows that T is interpolating if 

r°° ds 

sup/ #(rn £>,(*))—< 2 

zee Jo e s 

and sampling if 

(ii) Let f a := l[o,al- We then obtain: 

If a > 1/V2 and every disk of radius a contains at most one member ofT, then T is interpolating. 
If a < 1/ v2 and every disk of radius a contains at least one member ofT, then T is sampling. 
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7.2 The disk 



In this paragraph we consider the case of the Poincare unit disk (X, g) = (D, i^lU ). The disk is the main example 



of a regular hyperbolic Riemann surface. Its Green's function is 

2-C 



£(*,C)=log|0,(C)|, where 0,(0 = 



1-zC 



is the standard involution. Thus p z (() — \<fiz(()\ and the disks D a (z) are the well-known pseudo-hyperbolic disks; 
they are geometrically Euclidean disks, but their Euclidean centers and radii are different. 
Standard calculations show that 



(1-zC) 2 



- ■ _ (i - ici 2 ) 2 ' 



so we have v{Q = log 2 + log(l — \C\ 2 ), ar, d it is clear that (0 holds. 
As suggested by the proof of Proposition l3.5l we take 



and thus we have 



M*) = ~io g (i-M 2 ) 5 



e 2 ^)(A^(z)-2|^(z)| 2 ) = i(l-|z| 2 )>0 and r^{z) = _* . 

A ff P ff ( 7 )) = C CT (l-| 7 | 2 ). 



Thus our Hilbert spaces are 



and 



The densities are given by 



K -«J(%);El s 'rl 2 e- 2v ' (7) (l-|7| 2 )<+oo 
7er 



/»*(7)<>" 

and 

D7(r) = liminf inf 

If we take 



' ( } ~ ^T S ^ . 4 ((1 - |z| 2 ) 2 A^(z) + |(1 - \zV)) & tf(t)dt> 
Dj{T) = liminf inf V ^^-^ . 



Pz(7)<r 



Theorems l3.2l and l3.3l recover the results from IB O-95I . 

Again for the sake of illustration we will consider below only the classical unweighted Bergman space, which is 
obtained by setting tp = — \ log(l — \z\ 2 ). 
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Example 7.2. ( i) Letting f = 1, we see that T is interpolating if 



sup^(l-p z ( 7 ) 2 ) 2 <1 



and sampling if 



^Ed-^(7) 2 ) 2 >i- 



(ii) Letting f(t) = (1 — t 2 ) 2 , we see that T is interpolating if 




< 1 



and sampling if 




>1, 



where 



A hyp (D r (z)) = -L 




dm(z) 



W) (1 - |*| 2 ) 2 



denotes hyperbolic area of D r (z). 



(in) Let f a := l[o, ]- We then obtain: 

If 5 > —7= and T has at most one point in every disk of radius 5, then Y is interpolating. 



Ifd<^ and every disk of radius 5 contains at least one member ofT, then T is sampling. 
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